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Optimal Control Law Synthesis for Flutter Suppression
Using Active Acoustic Excitations

Pong-Jeu Lu* and Li-Jeng Huangt
National Cheng Kung University, Tainan, Taiwan 70101, Republic of China

This paper describes a development of the optimal control law design procedure for the flutter suppression of
airfoils using active acoustic excitations. A bending-torsion typical section and a two-dimensional incompress-
ible aerodynamic model are adopted for the present analysis. An irreducible state-space description of the
aeroservoelastic system is constructed via the use of Hankel matrices and the singular value decomposition
method. The evaluation of the degree of controllability/observability and the synthesis of the optimal control
law using steady-state linear quadratic regulator theory accompanied by an asymptotic state observer are
performed. This optimal control law design enables the search of the most effective position to locate the sound
wave generator. The trailing edge is shown to be the best region for installing the sound wave generator, where
the highest degree of controllability and the minimal control effort are attained. A case study shows that
approximately 20 dB reduction in sound pressure level can be achieved using this optimal control law design.

Nomenclature
A = system matrix
a = location of elastic axis (nondimensionalized by b)
B = damping matrix
b = damping vector (when suffixed by subscript); also

the input matrix
b = semichord length
C = controllability matrix
c = system output vector
d = output-to-input coefficient
e = state error vector
/ = |_— bL, MaJ T, generalized force vector
g = full-state controller gain vector
gE = full-dimension observer gain vector
H(s) = transfer function of the dynamic system
Hc = $c/b2ua, nondimensional sound source strength
h = plunging displacement, positive downward
/ = identity matrix
Ia = mass moment of inertia per unit span
J = cost functional (performance index)
K = stiffness matrix
Kh,Ka = spring constants for plunging and pitching

modes, respectively
KQ.KI = modified Bessels functions of second kind of the

zeroth and the first order, respectively
k = stiffness vector
L = lift per unit span
M = mass matrix
Ma = pitching moment per unit span about the elastic

axis, positive nose up
ms = mass per unit span of the typical section
n = number of states (n = 6)
O = observability matrix
Q = system state weighting coefficient
q — [h /l) 9 a J r, generalized coordinate vector
R = control input weighting coefficient

rc, Oc = coordinates of sound source in Joukowski
transform domain

ra = ^/Ia/msb2, radius of gyration
Sa = static mass moment per unit span
s = 5/coa, nondimensional Laplace transform variable
1_ = uat, nondimensional time
U = U/bua, nondimensional freestream speed
u = input vector
X,XQ,XE = actual, initial, and estimated state vectors
xc,zc = nondimensional coordinates of sound source

location
xa = Sa/msb, static unbalance
y = output vector
a = angle of incidence, positive nose up
?! = pb2/mS9 constant defined in Eq. (4b)
\i = singular values
/>tco = controllability/observability index
p = air density
E = diagonal matrix of singular values
a = sb/U, nondimensional Laplace transform

variable
$c = volume flow rate or strength of the acoustic

source
o> = co/wa, nondimensional circular frequency
o)h ,coa = uncoupled plunging and pitching natural

frequencies, respectively

Superscripts
A = airfoil motion induced
C = acoustically induced
T = matrix transpose

= nondimensional variable
' = time derivative
A = quantity in the Laplace transform domain
~ 1 = matrix inverse
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Subscripts
a = airfoil motion induced
ac = airfoil motion induced circulatory part
anc = airfoil motion induced noncirculatory part
c = acoustically induced
cc = acoustically induced circulatory part
cl = closed-loop
cnc = acoustically induced noncirculatory part
s = structural
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I. Introduction

A CTIVE control technology (ACT) would be indispens-
able for many innovative designs associated with future

energy-efficient transports and control-configured vehicles.
Active flutter suppression (AFS) belongs to one of these ACT
concepts, for which the aim is to increase the critical flutter
boundary under a given structural condition. In past decades,
extensive research has been carried out toward developing ac-
tive flutter suppression and gust alleviation techniques.1"9 The
hydraulically actuated aerodynamic control surfaces, such as
the trailing-edge and leading-edge flaps, have been employed
as the aeroelastic control actuators. However, fundamental
difficulties exist in the implementation of such ACTs using the
mechanically driven control surfaces. One of the major prob-
lems lies in the intrinsic characteristic of the servomechanism,
namely, the hydraulic actuator is usually sluggish in response
so that it cannot cope with high-frequency oscillations.

Recently, an innovative flutter control technique based on
the antisound concept10'11 was successfully demonstrated.12 In
this pioneering experimental work, a sound wave was used to
suppress the fluttering airfoil motion. The implication and
impact to the AFS technique is revolutionary, since the diffi-
culties encountered in the aforementioned servomechanism
can be completely circumvented. The electronically actuated
acoustic device not only can reduce the weight required but
also can provide a wide range of frequency bandwidth for
which the actuator response can almost be instantaneous. To
explain the underlying acoustic flutter suppression mecha-
nism, Lu and Huang13 have conducted a theoretical investiga-
tion that shows that it is the trailing edge receptivity, rather
than the hydraulic analogy originally proposed,12 that plays
the dominant role in suppressing the flutter instabilities. In
other words, the control force is not the sound itself but is the
acoustically induced shedding vorticities that form the basic
flutter suppression mechanism. Among those important
parameters, the phase angle between the acoustic excitation
and the sensed airfoil motions primarily determines the stabil-
ity of the closed-loop aeroelastic system, whereas the magni-
tude of the sound strength affects the damping rate of the
suppressed transient responses.

To further explore this new flutter suppression technique,
an optimization of the feedback control law is necessary. The
minimized sound pressure level may lead to a low-energy,
lightweight miniaturization of the acoustic wave generator.
This will be of particular significance for the practical imple-
mentation of the present new AFS technique. In Ref. 13, a
preliminary control strategy was proposed using the output
feedback control laws. In order to investigate system control-
lability and observability and to perform the optimal control
laws synthesis, a state-space analysis is employed presently.
The active acoustic flutter control technique can, therefore, be
elucidated in detail, providing a basic design groundwork for
the future practical realization of this newly discovered tech-
nique.

Fig. 1 Schematic of a typical section model with acoustic excitation
(internal excitation zc = 0 + for the present case).

This paper presents a state-space optimal flutter control law
analysis for thin airfoils using an active acoustic excitation
technique. Closed-form unsteady, incompressible aerody-
namic loads induced by a harmonically excited acoustic mono-
pole derived in Ref. 13 are used. The Fade approximant1"5 is
employed to represent the transcendental-type generalized
Theodorsen's function, which makes the present infinite di-
mensional aeroservoelastic system be reduced into a finite di-
mensional one. An irreducible state-space description (SSD) is
then obtained from the polynomial matrix description (PMD)
of the dynamic system via the Hankel matrix and the singular
value decomposition method. The degree of controllability/
observability of the aeroservoelastic system as a function of
the acoustic excitation position is examined. The results basi-
cally agree with those obtained using the steady-state linear
quadratic regulator (SSLQR) theory. Because of the fact that
the states are often not measurable using the present state-
space realization method, an observer design is also proposed.
It is demonstrated that the use of the concept of trailing-edge
receptivity in conjunction with optimal control theory may
lead to a substantial reduction of the control effort that is
required.

II. Aeroservoelastic System Model
The aeroservoelastic model used for the present study is

depicted in Fig. 1. It consists of a bending-torsion typical wing
section and an internal acoustic wave generator. The sound
waves, generated by any acoustic devices, are emitted into the
airstream from the airfoil surface. The equations of motion
for this two-dimensional dynamic system can be written as

Msq
1

msb2 i f A + f c ] (1)

in which the structural mass and stiffness matrices Ms and Ks
are defined as follows:

The aerodynamic load vector fA induced by harmonic air-
foil motions in a two-dimensional incompressible flow has
been derived by Theodorsen.14 These formulas were later ex-
tended by Sears15 to arbitrary motions, which take the follow-
ing form in the Laplace transform domain:

fA = pb^l [s2Man U2Kanc

(2)

where the constant matrices Manc, Banc, Kanc, Bac, and Kac are
given below:

r ira
-ir(lA+a2)

' °l0

Bac =

0 -7T

0 -TT( 1/2-0

-27T

2?r(1/2 +a)
-2ir(l/2-a)

-2ir
2<K(V2+a)

In Eq. (2), the function C(a) represents the generalized Theo-
dorsen's function and is given by

coo-

The aerodynamic load vector /c induced by the acoustic
excitation, however, has recently been derived by the authors
in the Laplace transform domain as13

/c = Ukcnc + UkccC(o)}Hc (3)
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in which the constant matrices bcnc, kcnc, and kcc are defined,
respectively, as

kcnc =

k cc

The variables E\ , E2 , E3 , E4 , and E5 appearing in these entries
are defined as

sin Oc

rc

sin 6C

rc

E2 = 0,
j. sin 6C cos Oc

' 2 rl

_ ~ 1 rc sin Pc

TT 1 +r2 -2rc cos <

Upon substituting Eqs. (2) and (3) into Eq. (1), the equa-
tions of motion of the oscillating typical section forced by an
acoustic wave generator can be expressed in the Laplace trans-
form domain as

= [sCi + C0 + DQC(a)] Hc (4a)

with the coefficient matrices given by

A2 = MS- rjManc, AI = -rjUBanc, A0 = KS - rjU2Kanc

B,= -vUBac, B0= -rjU2Kac

Ci = ybcnc , C0 = ry Ukcnc , A) = */ Ukcc (4b)

III. State Space Realization
In order to obtain an expression that is suitable for the finite

dimensional aeroservoelastic analysis, we use the R. T. Jones
approximation (or a second-order Fade approximant) of the
generalized Theodor sen's function16

0.5a2 + 0.2808a + 0.01365
(5)

The accuracy of this approximation has been evaluated and
discussed.17'18 Substituting Eq. (5) into Eq. (4a) and then mul-
tiplying Eq. (4a) by the denominator of Eq. (5), we can obtain

(s4P4

where

+ s2P2 + s 1

(6)

P3=Al + 0.3455 UA2 + 0.51?!

P2 = A0 + 0.3455 UAi + 0.01365 U2A2 + 0.5J50 + 0.2808 UB{

PI = 0.3455 UA0 + 0.01365 U2Al + 0.2808 UBQ

+ 0.01365 U2Bl

P0 = 0.01365 U2AQ + 0.01365 U2B0

Q3 = d + 0.5Z>!

Q2 = C0 + 0.3455 UC1 + 0.5Z>o + 0.2808 UDl

Ql = 0.3455 L/Co + 0.01365 U2Cl + 0.2808 UD0

+ 0.01365 U2Dl

Q0 = 0.01365 L^Co + 0.01365 U2DQ

S 5.0

M = 0.

xc = 0.98

2.5 3 3.5
D(=U/bWa)

Fig. 2 Rank of the state-space model vs the nondimensional flight
speed U/b'ua.

Fig. 3 Controllability/observability index vs the acoustic excitation
position (y =a).

We now arrive at a PMD of the dynamic system, which can be
abbreviated as

(7)

Note that P(s) and Q(s) are the matrix polynomial functions
whose parameters include the flight speed and the acoustic
excitation position, provided that the structural properties are
given fixed.

It is important to remark here that the existence of the
high-order polynomials on the right-hand side and the absence
of the servo-actuator dynamics make Eq. (7) difficult to be
converted into a jointly controllable and observable system
simply by direct speculation, such as in the conventional flut-
ter control synthesis using the control surfaces.1'4 To avoid
the drawback of introducing high-order derivatives (Hc,
Hc, . . . , etc.) in the system input vector,2'5 an alternative that
can directly lead to a jointly controllable and observable sys-
tem is developed for the present acoustic flutter supression
investigation.

An internally balanced realization of a minimal-dimensional
state-space description of the dynamic system can be con-
structed via the Hankel matrix and the singular value decom-
position method,19 as described briefly as follows. First, we
can select a measurable output variable to be the plunging
deformation h/b, the pitching deformation a, or any other
conveniently defined variable; then relate this output variable
to the generalized coordinates by the formula

y= [r0 + 5r1+52r2]g = r(5)§ (8)

where r0, rl , and r2 are the appropriately defined row vectors.



LU AND HUANG: FLUTTER SUPPRESSION 127

Thus, the transfer function connecting the output and the
input variables can be established:

(9)

For the present problem, P is a 2x2 matrix polynomial of
fourth order in s and, thus, the denominator of the transfer
function is an eighth-order polynomial function of s and U.

The transfer function H(s) can be expanded into an infinite
power series in descending order of s like

H(s) = H(2)s ~2 (10)

where //(O), //(I),... are termed the Markov parameters, with
which one can define the following two 8x8 Hankel matrices:

T+ =

H(\) H(2)
H(2) H(3)

H(9)

H(2) H(3)
H(4)

H(9)
(lla)

H(9)

H(9) H(10) #(16)

(lib)

Then the matrix Tcah be decomposed, using the singular value
decomposition method, into

(12)

where the diagonal matrix £ = diag{Xi, X 2 , . . . , X / i ) is com-
posed of X/ , / = 1, 2, . . . ,/i., the positive singular values. Notice
that n is the rank of the matrix T and is the minimal dimension
of the irreducibly realized system. Letting K\ denote the first
n columns of K and L\ be the first n rows of L, one can write
T alternatively as

T = = VU (13)

where

V = K1E1/2, and U = Zl/2Ll. By further defining

V+ =Z~y2Kf and U+=L^~Y2

the irreducible realization of H(s) is found to be

—- = Ax + bu
d/

where
y = ex + du

A = y+T+U+

b = the first column of U

c = the first row of V

d = H(0)

(14)

(15a)

(15b)

(15c)

In Eqs. (15), x is a state vector consisting of the linear com-
binations of the structural states, the rates of change of these

states, and the aerodynamic lag terms as well. The control
variable u (a scalar representing the nondimensional acoustic
strength Hc for the present case) remains unchanged, which
would not be so if other existing realization methods were
used.

A typical example with parameters listed in Table 1 was
selected for numerically studying the state-space realization
just proposed. The flight speed is selected to be C/=3.15,
approximately 5% higher than the open-loop flutter speed,
and the output variable is the pitching displacement y = a. The
resulting system matrices A, b, and c for the realized dynamic
system are listed in Table 1. The minimal dimension of this
open-loop aeroelastic system is six, which agrees with that
obtained using the minimum-state realization method.1'4 After
a careful examination of the system matrices listed in Table 1,
it can be found that the realization achieved is inherently
balanced.

It is noteworthy that the rank of the Hankel matrices (and,
thus, the minimal dimension of the realized dynamic system)
depends on the selected freestream speed and the output vari-
able. This is because the coefficient matrices P(s) and Q(s) in
the PMD are functions of the flight speed U and because the
Markov parameters //(O), //(I),... are obtained from the
transfer function representing the input-output relationship.

0.85 0.90 0.95 i.bo 1.05 l.'

Fig. 4 Control cost contours: a) global view and b) blowup view
in the vicinity of the trailing edge.
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Table 1 Minimal-dimensional SSD of the 2-DOF typical section model
with an acoustic excitation (jca = 0.2, /-a = 0.5, co/z =50 rad/s,

co«=100rad/s, a =-0.4, /* = 40, xc =0.98, zc =0 + , y = a, (7=3.15)

A =

-0.4445
-0.7251
0.0957

-0.0501
-0.0486
0.0006

0.7251
0.0414
0.1595

-0.0891
-0.0771
0.0012

0.0957
-0.1595
-0.7972
-0.1704
-0.2265
0.0059

0.0501
-0.0891
0.1704

-0.2685
0.7900
0.0144

-0.0486
0.0777

- 0.2265
-0.7900
0.2604

-0.0130

0.0006
-0.0012
0.0059

-0.0144
-0.0130
-0.1345

bT=[-0.4421 0.4524 0.0647 -0.0439 -0.0436 0.0008]

c = [0.4421 0.4524 -0.0647 -0.0439 0.0436 -0.0008]

The rank of the Hankel matrices vs the freestream speed
for the present representative system is shown in Fig. 2. It
is seen that the dimension of the realized system is initially
four, a_s expected, for the typical section in the free vibration
limit ((7=0), since only four states exist corresponding to the
structural modes and they involve no aerodynamic lag modes.
As the freestream speed increases, the influence of the aero-
dynamic lag modes comes in and becomes more influential,
and the resulting rank of the Hankel matrices increases, start-
ing from five, where the aerodynamic lag mode s= -0.3(7
is include_d, to six, where both the aerodynamic lag modes
5= -0.3 U and 5= - 0.0455 U are contained.

It would be of interest to see whether the present SSD of the
realized system possesses closely enough the dynamic behavior
described by the original PMD before it can be used for the
optimal control law synthesis. First of all, the open-loop poles
obtained from the SSD should coincide with the poles of the
transfer function associated with the PMD. From Eqs. (15a)
and (15b) it can be seen that the roots of the characteristic
equation of the SSD are the poles of the transfer function:

Table 2 Comparison of eigenvalues obtained using
PMD and SSD of the dynamic system

Poles of the transfer
function, PMD

Eigenvalues of the
dynamic system, SSD

1
2
3
4

5
6
7
8

-0.7768a
-0.9450a
-0.1337a
-0.14333

0.0433 + 0.7089/
0.0433 -0.7089/

- 0.2595 + 0.7232/
- 0.2595 -0.7232/

-0.7768a

-0.1337a

0.0433 + 0.7089/
0.0433 -0.7089/

- 0.2595 + 0.7232/
- 0.2595 -0.7232/

= c(sI-A)-lb +d (16)

aAerodynamic lag modes.

where C is the controllability matrix:

C = [b,Ab,...,An

and O is the observability matrix:

These eigenvalues are listed in Table 2. Also listed in Table 2
are the roots obtained from the PMD of the system. The
agreement is seen to be excellent for these two descriptions.
Moreover, the nonphysical poles corresponding to the two
aerodynamic lag modes appearing in the PMD are automati-
cally canceled by the zeros of the numerator in the SSD realiza-
tion. In other words, the present irreducible realization avoids
the drawback of introducing nonphysical augmented states in
the aeroservoelastic system formulation. Moreover, a reduced-
order system can be obtained by a systematic way of deleting
relatively unimportant singular values. This property is espe-
cially valuable since reduction in computational effort will be
substantial, as the dimension of the full-state aeroservoelastic
system is large and the number of aerodynamic lag terms can-
not be lowered for accurate unsteady aerodynamic modeling.

IV. Degree of Controllability and Observability
It is well known that a minimal realization can yield a jointly

controllable and observable dynamic system. Many well-estab-
lished approaches, such as the Kalman rank test, Popoy-Bele-
vitch-Hautus (PBH) rank test, and Davison eigenvalue test,
etc.,20 can be employed to check the joint controllability and
observability of the system. For the present problem, the de-
gree of controllability/observability of the dynamic system
is of particular significance for determining the position at
which the control input (acoustic waves generator) will be most
effective. Among many approaches,21'24 the one that uses the
determinant of the inverse of the controllability/observability
matrix19 is employed. Following this line, we may define the
controllability/observability index as

0 =

c
cA

cA"~

The variation in degree of controllability/observability as a
function of the acoustic excitation position moving along the
airfoil surface is shown in Fig. 3. It is observed that regions
near the airfoil midchord and trailing edge are the two "good"
regions where the local or the absolute maximal controllability
and observability occurs. Based on this observation, the con-
trol input (acoustic wave generator) and the sensor measuring
the output signal can be suggested to be located in the vicinity
of the trailing edge or the midchord of the airfoil.

V. Optimal Control Law Synthesis
To investigate flutter suppression by the use of an opti-

mized acoustic control force, SSLQR theory is employed.
Thus, a control logic is sought to minimize a quadratic objec-
tive function, consisting of the system output^ and the control
input u:

(18)

while subject to the equations of motion, Eq. (15). The solu-
tion to this optimal SSLQR problem is a linear, full-state,
time-invariant feedback control law:

(17) u =gx = -R'lbTPx (19)
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Fig. 5 Control cost function along the airfoil upper surface.

where P is the solution to the algebraic matrix Riccati equation

PA + ATP-PbR~lbTP + cTQc = 0 (20)

There are many algorithms that can be used to numerically
solve this algebraic matrix Riccati equation.20'25 For the present
investigation, the MacFarlane-Potter-Fath method20 is em-
ployed. The minimal cost function can be found in relation to
Pas

/min = (21)

where JCG stands for the initial condition of the state vector. The
closed-loop dynamic system then becomes

— = (A + bg)x = (A + bR~lbTP)xdt (22)

The performance of the closed-loop system depends on the
selection of the weighting coefficients Q and R. It is under-
stood that the larger Q implies that more emphasis is placed on
returning the system states to the origin (the equilibrium condi-
tion). On the other hand, raising R emphasizes the intention of
reducing the amount of the control effort. A special result of
the SSLQR theory is the case where Q=0 (i.e., zero-state
weighting). For such an arrangement, the action of the result-
ing optimal control law upon the closed-loop eigenvalues is to
leave unchanged all stable eigenvalues, while relocating the
open-loop unstable eigenvalues originally located at s = SR + /a?
to the stabilized mirror-image s= -SR + /o> about the imagi-
nary axis.20 This provides an attractive design method in con-
structing a desired stable closed-loop system.

Recall that for an infinite final-time SSLQR problem the
system should be completely controllable in order to assure
that the minimum cost is finite. The present irreducible SSD
realization of the aeroelastic model yields a jointly controllable
and observable system, guaranteeing that the sufficient condi-
tion is satisfied for the optimal control analysis.

The minimized cost function Jmin provides another conve-
nient index for determining the optimal region for the place-
ment of the sound sources. In other words, the best region for
flutter suppression using acoustics lies in the region where the
cost function reaches its minimum. Figure 4a depicts a contour
plot of the minimized cost function Jm[n [Eq. (21)]. This plot
is generated by using the data collected from simulations run
over a matrix of 151 x 86 sound source locations, where for
each location the optimal control law is designed using the
zero-state weighting strategy. The lowest valley of this contour
plot appears in the vicinity of the trailing edge, and the local
blowup view is shown in Fig. 4b. The distribution of such a

minimized cost function along the airfoil surface, however, is
illustrated in Fig. 5. From these figures it is concluded that,
for an acoustically excited unbounded external flow, the trail-
ing edge is the most effective region for the installation of
the acoustic wave generator. Another locally good region is
around the midchord of the airfoil.

These results predicted by the optimal control theory basi-
cally agree with our previous experiences in discussing the
circulatory and noncirculatory parts of the acoustically in-
duced airloads (see Ref. 13), where the midchord and the
trailing edge positions carry a special meaning of generating a
local and an absolute maximum control force for the har-
monically oscillating airfoil motion. Another interesting spot
worthy of mentioning is around ;tc«0.83 on the airfoil
surface, namely, the least desirable position for placing the
sound source. At this spot the cost function Jmin is extremely
high (see Fig. 5), the degree of controllability is very low (see
Fig. 3), and the flutter suppression effectiveness vanishes (see
Ref. 13). In sum, optimal control theory indeed not only yields
predictions in compliance with our findings obtained from
other independent approaches but also forms a strict mathe-
matical framework for the optimal acoustic flutter control law
synthesis.

A comparison study showing the acoustically suppressed
system response and the required control effort between using
either an optimal state feedback control law or an output
feedback control law is performed. The zero-weighting objec-
tive function is chosen for designing the optimal state feedback
control law, whereas u = Ug%y is the output feedback control
law selected (U=3.15,g£ = -0.5). The acoustic excitation po-
sition are located at (0.98, 0+) for both control strategies. The
system output responses, control input time histories, and the
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Fig. 6 Comparison of acoustically suppressed system responses us-
ing state feedback and output feedback control laws: a) output tra-
jectories, b) control input, and c) sound pressure level distributions
((7=3.15, xc= 0.98, *c=0 + ).
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maximal initial sound pressure level distributions along the
upper and lower airfoil surfaces are shown in Figs. 6a-6c,
respectively. It is clearly seen that the decaying rates in re-
sponse are comparable but that the control input for the case
using optimal state feedback is much less, in particular at the
initial transient stage. If the required control effort is inter-
preted in terms of sound pressure level, the averaged sound
pressure level for the case using the optimal state feed-
back (about 90 dB) is 20 dB less than that using the output
feedback (about 110 dB). This is because in the output feed-
back control law design only a single system information is
detected and fed back, whereas in the optimal full-state feed-
back design a complete system information has been employed
to determine the control input. Hence, the reduction of the
required sound pressure level through the use of optimal con-
trol law design is illustrated. This control effort minimization
will be potentially important for the miniaturization of the
sound generator design.

VI. State Observer Design
The state variables defined in the previous control law syn-

thesis usually are not completely accessible from the direct
measurements. Nevertheless, we can design a state observer
(state estimator) to determine the estimated states from the
measured output data. Since the realized dynamic system is
completely observable, the information of the states at any
time can be obtained from the input and the measured output
signals. The separation principle assures that the controller
and the observer can be designed independently; i.e., the exact
states are assumed to be available in designing the full-state
feedback control law, which then can be replaced by the esti-
mated states obtained from a parallel design of the state ob-
server.19 The design of the acoustic flutter controller using
SSLQR theory has been previously discussed. In this section
the design of the asymptotic state observer is first discussed,

a)

b)

Fig. 7 The output and control input trajectories predicted using
SSLQR theory with and without the use of the state estimator:
a) output trajectories and b) control inputs [Q = 0, R = 1, j (0) = 0.01,

and then a compensator that consists of a controller and a state
observer will be illustrated.

The dynamic equation of the asymptotic state observer is
given by

--- = AxE + bu + gE(y - CXE) (23)

where XE denotes the estimated state vector and gE represents
the gain vector of the observer that will be determined. Define
the error between the actual state vector x and the estimated
state XE as

e(t) = x(~t) - xE(i) (24)

Then we may have the dynamic equation for the error vector:

de ,A— = (A -gEc)e (25)
d^

Thus, we can choose the observer gain gE in such a way that
all of the eigenvalues of the matrix (A -gEc) have sufficiently
large negative real parts. Although a large error might exist
between jc(0) and xE(0) initially, the error e would die out
quickly as time elapses, and the estimated state XE will ap-
proach the actual state jc rapidly, regardless of the initial value
of jc^(O). The pole-assignment algorithm19 is used to design the
asymptotic state observer. It is noticed that a fast coalescence
of XE and x requires large negative real parts of the closed-loop
eigenvalues of the matrix (A —gEc). This will cause large gains
in gE and generate high peaks in the transient period, making
the state estimator either more susceptible to noise or easy to
become saturated. As a rule of thumb, the negative real parts
of the observer poles can be chosen to be two to six times
greater than those of the controller poles. This will result in a
fast decay of the estimator errors and let the controller poles
dominate the total response.

To solve a control problem with state estimation, the state
equation using an estimated state vector as the feedback must
be solved simultaneously with the state estimation equation.
The overall system dynamics, therefore, reads:

fdjc/dfl = \A+bg
[de/di\ ~ [ 0

-bg
(26)

It can be shown that the closed-loop eigenvalues of the overall
system comprise the eigenvalues of A +bg (the regulator
poles) and the eigenvalues of A -gEc (the observer poles).

Figures 7a and 7b show the output and input trajectories
using the estimated and the actual states, respectively, for
feedback (with acoustic excitation located at xc=0.98,
Zc = 0+, and t/=3.15). The control law is designed from the
SSLQR theory with zero-state weighting, and the feedback
gains of the observer gE are chosen such that the real parts of
the observer eigenvalues are set at three times the correspond-
ing real parts of the controller eigenvalues. The initial condi-
tions are assumed to be a(0) = 0.01, /z(0) = 0, and XE =0. The
discrepancy in the initial states is the source that causes a large
control effort initially, but the present state estimator is seen to
be able to eliminate the state errors and make the estimator
recover the true state asymptotically.

VII. Conclusions
An optimal control law design for the acoustic flutter sup-

pression system is developed. The objective is to propose a
complete analysis, including state-space realization, optimal
control law synthesis, and observer design that together can be
used to minimize the control power required for the generation
of the sound waves in suppressing the airfoil fluttering motion.
This sound pressure level minimization is of practical impor-
tance for the hardware implementation and miniaturization of
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the present new flutter suppression technique. The conclusions
drawn from the present analysis are:

1) The use of Hankel matrices and the singular value de-
composition method makes a systematic approach for irre-
ducibly realizing the present aeroservoelastic system. The di-
mension of the realized control vector remains unchanged, as
compared to the original dynamic system. This property is
important for the design and implementation of the present
acoustic flutter control problem.

2) The trailing edge is the most efficient region for installing
the acoustic wave generator, where the highest degree of con-
trollability exists while the lowest control effort is required.
The results predicted by the optimal control theory reconfirm
the previous finding discovered in the unsteady aerodynamic
and flutter suppression analyses that trailing-edge receptivity
holds the key to the present acoustic flutter control technique.

3) An asymptotic observer designed with appropriate
closed-loop poles is developed. This observer design can be
used to reconstruct the unmeasurable states for the present
state-space description of the acoustic flutter control system.
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